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Abstract 



We investigate the set of uniform limits of polynomials on any closed Jordan 
domain with respect to the chordal metric x on CU {oo}. We conclude that 
Mergelyan's Theorem may be extended to the case of uniform approximation 
with respect to x on closed Jordan domains. Similar results are obtained if we 
replace the one point compactification CU{oo} of C by another compactification 
of C homeomorphic to the closed unit disc. 
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1. Spherical approximation 

In [2] it has been considered the following generelization A(D) of the disc 
algebra. A(D) contains the constant function f(z) = oo for all z <E D, where 
D is the closed unit disc in C and all functions / : D — > C holomorphic in 
the open unit disc D, such that, for every £ G dD the limit lim f(z) exists 

zeD 

in C U {oo}. It has also been proved ([2]) that A(D) concides with the set of 
uniform limits with respect to the chordal metric x °f ai l polynomials on D. 

Now let be an open Jordan domain in C and f2 its closure. Let <fi : D — > fi 
be a Riemann map. According to a theorem of Caratheodory ([1]), 4> extends 
to a homeomorphism <fi : D — > Cl. We consider the set of functions / o tfi^ 1 : 
Cl — > C U {oo} for all / 6 A(D). It is easily seen that this set coincides with 
A(Sl), where A(f2) is defined as follows. A(Tt) contains the function g(z) = oo 
on f2 and the functions g : f2 — > C U {oo} continous on f2 such that g(Cl) C C 
and g\fi is holomorphic in tt. 

Theorem 1. Under the above assumptions and notation A(Sl) coincides with 
the set of uniform limits with respect to the metric x 01 polynomials on Cl. 
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Proof. Let P n be a sequence of polynomials and g : — > CU{oo} a function 
such that sup x(Pn(z), g(z))) — > 0, as n — > +00. Then supx(P„ 0^(2)^0 

zen zeD 
4>{z))) — >• 0, as n — > +00. Since P n o <p <e A(D), there exist polynomials Q n so 

that sup x{Pn <j>{z)i Qn(z)) < ^. It follows that sup x(Qn{z), g ° 4>{z)) -> 0, as 
zeD zeD 

n — > +00. Thus g o cj) £ A(D), which implies that g — (g o </>) o e A(Q). 

Conversely, let g G A(Q), then g = f o cp^ 1 for some / £ A(D). Therefore, 

there exists a sequence of polynomials P n with sup x(/(z), P n (z))) — > 0, as 

zeD 

n — > +00. It follows that sup x(<7 (z), -Pn < / , ~ 1 ( 2 ))) — > 0, as n — > +00. Since 

z<Ef2 

-Pn < / ) ~ 1 G ^4(^) 5 the classical Mergelyan's Theorem implies that there exist 
polynomials Q n satisfying sup |P„ o </> _1 (z) — Q n (z)\ < i. Since for all a, 6 G C 

zefi 

wehavex(a,&) < \a — b\, it follows sup xiPn ^ 1 { z ) 1 Q n {z)) < —. The triangle 

zefi 

inequality imples sup x{Qn{ z ) 1 g{z)) — > 0, as n — > +00, thus g is the uniform 

zeA 

limit with respect to \ of the squence of polynomials Q n on O. This completes 
the proof. 



2. Another compactiflcation of C 

We identify C with D by the homeomorphism C 3 z — > i+ \ z \ Since 
Z) is a compactiflcation of D, it induces a compactiflcation C = CU C°°, where 
C°° = {00 • e 10 : 9 £ [0, 2tt)}. The usual Eucledian distance on D iduces a metric 
d on C where d(z,w) = \ - jf^| for z,w G C, d(z, 00 • e 4 ") = - e l9 \ 

for z £ C, G [0, 2tt) and d(oo • e ie , 00 • e^) = |e' 9 - e^| for 9,4> £ [0, 2tt). In [3] 
it has been investigated the set of uniform limits with respect to the metric d of 
the polynomials on D. This set coincider with the class A{D) defined as follows. 
A(D) contains continuous functions / : D — ► C of two types. The finite type 
are those /'s such that f(D) C C and f\ D is holomorphic. The infinite type 
are those /' s such that /(£>) C C°° and f(z) = 00 ■ e 10 ^ where 6 : D — > M is 
continuous on D and harmonic on D. 

Let £1 C C be an open Jordan domain and f2 its closure. We consider <f) ■ 
D — > fl a Riemann map which it is known that it extends to a homeomorphism 
4> : D — > f2. We consider the set of functions /o0 _1 : — ► C for all / G A(D). 
It is easily seen that this set coincides with the class A(Q) defined as follows: 
A(Q) contains continuous functions g : Q — > C of two types. The finite type is 
those (/'s with g(Q) C C and g\Q holomorphic. The infinite type is those g's with 
g(z) G C°° for all z G f2 and g(z) = 00 ■ e l6< - z > where 9 : £1 — > R is continuous 
on f2 and harmonic in fl. 

Theorem 2. Under the above assumptions and notation the class A(Q) coin- 
cides with the set of uniform limits with respect to the metric d of polynomials 
on f2. 
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The proof is similar to that of Theorem 1 and is ommittcd. 
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